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Abstract 
This paper proposes a novel analysis method for the dual transmitting resonators wireless power 

transfer (DTR-WPT) system. The DTR-WPT is attractive for its higher efficiency and greater power 
transfer capability compared with the conventional single transmitting resonator wireless power 
transfer (STR-WPT) system. However, analytical understanding of the DTR-WPT is difficult due to 
its complicated operating principle caused by two transmitting resonators and a receiving resonator, 
which are all magnetically coupled each other. Therefore, practical applications of the DTR-WPT may 
be hindered by difficulty in establishing a design optimization method and a control scheme. 

This difficulty is addressed in this paper by proposing a novel simple equivalent circuit model of the 
DTR-WPT. Lagrangian dynamics is employed to derive this model. Brief analysis of this model 
showed improvement in the efficiency and the power transfer capability by the DTR-WPT compared 
with the conventional STR-WPT. In addition, the power transfer of the DTR-WPT system was found 
to be expressed by the same equivalent circuit model as the STR-WPT system. Therefore, similar 
design optimization methods and similar control schemes as for the STR-WPT are applicable to the 
DTR-WPT. Along with the theory, this paper presents experiments that verified appropriateness of the 
proposed model as well as the analysis results based on this model.  

Introduction 
Recently, magnetic-coupling wireless power transfer (WPT) is attracting growing attention as a 

convenient power supply method to a small medical device inside a human body. For example, 
capsule endoscopy [1]–[5], or a small capsule containing a small camera inside, is expected to replace 
gastric camera, which often inflicts great suffering during swallowing the camera. The capsule often 
contains a battery for power supply. However, the battery can occupy significant volume in the 
capsule or can limit the operating time. Therefore, power supply to this capsule should be preferably 
provided from an external power source rather than the battery. For this purpose, WPT is emerging as 
an attractive and promising field of techniques [1][5]. 

However, WPT to the capsule may suffer from low efficiency and low power transfer capability 
because the size of the receiving coil inside the capsule is severely limited. One effective approach to 
address this issue is to increase magnetic field induction inside the human body.  

The dual transmitting resonator wireless power transfer (DTR-WPT) system [6] can be a 
promising technique for this approach. Figure 1 illustrates the DTR-WPT system in comparison with 
the conventional single transmitting resonator wireless power transfer (STR-WPT) system[7]–[10]. 
The DTR-WPT system is composed of two transmitting resonators sandwiching a receiving resonator. 
One transmitting resonator is supplied with an AC power, whereas the other is an independent 
resonator without a power supply. The former transmitting resonator excites resonance in the latter 



transmitting resonator. As a result, the two transmitting resonators can reinforce the magnetic field at 
the receiving resonator, if an appropriate resonance mode is excited. 

Compared with multi-resonator systems in which all transmitting resonators are connected to the 
power supply [11][12], the DTR-WPT system is attractive for its convenience, because only one AC 
power supply suffices to supply the power and the system is free from wire connection between the 
transmitting resonators. However, operation analysis of the DTR-WPT system tends to be difficult 
because of complex resonance modes caused by complex magnetic coupling among the three 
resonators. This difficulty can hinder development of design optimization methods and control 
schemes for the DTR-WPT system.  

In order to address the issue, this paper proposes a novel simple equivalent circuit model of the 
DTR-WPT system. As a result, this paper elucidates that the power transfer in the DTR-WPT system 
can be expressed by the same equivalent circuit model as the conventional STR-WPT system. This 
suggests that similar design optimization methods and similar control schemes as for the STR-WPT 
system are also applicable to the DTR-WPT system. In addition, brief analysis of the proposed 
equivalent circuit model shows improvement in the efficiency and the power transfer capability by the 
DTR-WPT. 

The proposed model is derived using Lagrangian model of power electronics [13]–[17]. This 
derivation method is recently proposed in [15]; and this method was found to derive simple equivalent 
circuit models [18]–[21] that are often difficult to derive using other methods. 

The following discussion is composed of four sections. Section 2 discusses derivation of the 
proposed equivalent circuit model. Then, section 3 presents brief analysis of the model to show how 
the DTR-WPT system can improve the efficiency and the power transfer capability. Section 4 presents 
experiments to verify the proposed model and the analysis results. Finally, section 5 presents the 
conclusions. 

Derivation of Proposed Equivalent Circuit Model 
This section derives the proposed equivalent circuit model of the DTR-WPT system using 

Lagrangian dynamics. The analyzed system is presented in Fig. 1(a). For convenience, the two 
transmitting resonators are assumed to be symmetric, i.e. transmitting coils W1 and W2 have the same 
leakage inductance LT and the parasitic resistance RWT. Furthermore, receiving coil W3 is assumed to 
be placed at the center between W1 and W2. Hence, the magnetic coupling between W1 and W3 has 
the same mutual inductance MTR as that between W2 and W3.  

The electric behavior of transmitting and receiving coils W1-W3 can be expressed by the circuit 
model, in which each leakage inductance is represented by an inductor and each mutual inductance is 
represented by a coupled inductor. Therefore, Fig. 1(a) can be expressed as the circuit model shown in 
Fig. 2(a), where MTT is the mutual inductance between W1 and W2, LR and RWR are the leakage 
inductance and the parasitic resistance of W3, respectively. The number of turns of W1 and W2 is 
denoted as NT, whereas that of W3 is denoted as NR. 

Next, Lagrangian model for Fig. 2(a) is constructed. Conventionally, the model is constructed by 
regarding the energy of inductors as the kinetic energy and the energy of capacitors as the potential 
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Fig. 1. Physical structures of wireless power transfer systems. 



energy [13][14]. However, recent studies [15]–[17] have proposed a novel Lagrangian modeling, 
which improved the conventional modeling to cover the complicated magnetic coupling. Based on this 
novel Lagrangian modeling, [15] proposed a novel method to derive equivalent circuit models. 
Recently, [18]–[21] have proven effectiveness of this method because this method was found to derive 
simple equivalent circuit models that are often difficult to derive using other methods. 

This method is applicable to the Lagrangian model constructed from the circuit model, in which all 
magnetic devices are expressed using magnetic circuits. Therefore, three inductors and three coupled 
inductors in Fig. 2(a) are expressed as independent magnetic circuits with fluxes φ1, φ2, φ3, φ12, φ13, φ23 
and reluctance RT, RR, RTT, RTR, as shown in Fig. 2(b). Reluctance RT, RR, RTT, RTR are defined as 
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Derivation of the equivalent circuit model consists of the following three steps. First, the 

Lagrangian model of Fig. 2(b) is configured. Second, an appropriate co-ordinate transformation is 
applied to transform the Lagrangian model into another equivalent Lagrangian model belonging to a 
simpler circuit topology. Third, this equivalent Lagrangian model is translated into a circuit diagram, 
which is the equivalent circuit model. 

Now, we derive the equivalent circuit model of the DTR-WPT system. As reported in literature 
[15], [17]–[21], the Lagrangian model can be directly configured from the physical circuit structure. 
Applying the method reported in [15][17], we can obtain the Lagrangian model of Fig. 2(b). Let Λ and 
D be the Lagrangian and the dissipation function [22] of the DTR-WPT system. Then, we have 

 
( ) ( )

( )

,
2222

1

2

1

2

1

2

1

2

1

2

1

1

2
3

2
2

2
12

23

2
13

2
12

2
3

2
2

2
12332

13311221332211

Eq
C

q

C

q

C

q

qNqN

qNqNqqNqNqNqN

RTT
TR

TRTTRTTRT

RTTRTT

+−−−−

−−−−−++

++++++=

φ

φφφφφφ

φφφφφΛ

R

RRRRR



      (2) 

 

,
2

1

2

1

2

1

2

1 2
3

2
2

2
1

2
3 qRqRqRqRD WRWTWTL  +++=       (3) 

 
where q1, q2, and q3 are the time integration of the current flowing through W1–W3, respectively; CT 
and CR are the capacitors in the transmitting and receiving resonators, respectively; E is the voltage of 

(a) Circuit model with inductors and coupled inductors. (b) Circuit model with magnetic circuits composed  
of windings, fluxes, and reluctance. 

LTCT CT
LTMTT

MTRMTR

RLRWR CR

RWT RWTNT
NT

NR NR

E

LR

NT NT

Transmitting resonator 1 Transmitting resonator 2

Receiving resonator

1q
2q

3q

CT

CT

RLRWR CR

RWT

RWT

NTNT

φ1

RT

NT

φ12

RTT

RT
φ2

RR

NR

φ3

NT

NT

φ23
RTR

NR

RTRφ13

NR

Winding

flux

E

Fig. 2. Circuit models of the dual transmitting resonator wireless power transfer system (DRT-WPT). 
 



the AC power supply; and RL is the load resistance. A dot over a variable indicates its time derivative. 
Hence, 1q , 2q , and 3q  are the current flowing through W1–W3.  

Next, a co-ordinate transformation is applied to (2) and (3), as exemplified in [15], [18]–[21]. As a 
result, another Lagrangian model, which belongs to an equivalent circuit model can be obtained. For 
this purpose, we introduce imaginary flux φA, φB, φC, and φD defined as 
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Furthermore, we introduce qA and qB defined as  
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Eliminating φ1, φ2, φ13, φ23, q1, and q2, we have 
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Translating (6) and (7) into a circuit diagram yields the equivalent circuit model, shown in Fig. 3. 

Detailed method for translating the Lagrangian model is presented in [15][17]. 
The equivalent circuit model consists of two independent circuits, i.e. circuits A and B. Compared 

with the original circuit model, i.e. Fig. 2(a), the equivalent circuit model is simple because there is 
only one single transformer and three inductors without complicated magnetic coupling. Note that the 
transformer in the equivalent circuit model does not directly correspond to the transmitting and 
receiving coils, i.e. W1 and W3. Actually, the turn ratio of the transformer is different from that 
between W1 and W3. 

Circuit A contains the current Aq , which is proportional to the average current of W1 and W2; and 

circuit B contains the current Bq , which is proportional to the difference current between W1 and W2. 
Circuit B does not contribute to the power transfer. It should be noted that the co-ordinate 
transformation in the Lagrangian model conserves the energy. Therefore, the total power supplied 
from the AC power supply, as well as the power output to the load, is the same between the equivalent 
circuit model and the original DTR-WPT system.  

On the other hand, the conventional STR-WPT system is expressed by the circuit model shown in 
Fig. 4 by representing each leakage inductance by an inductor and each mutual inductance by a 



coupled inductor. Therefore, circuit A in Fig. 3 has the same circuit topology as the conventional STR-
WPT system. The only difference between circuit A and Fig. 4 is the following circuit parameters: 

1. Equivalent leakage inductance of the primary side, 
2. Equivalent mutual inductance between the primary and secondary sides, 
3. Equivalent number of turns in the secondary side. 
Note that Fig. 3 is obtained under assumption that W3 is placed at the center between W1 and W2. 

Therefore, this equivalency of the circuit topology between circuit A and Fig. 4 indicates that the 
power transfer in the DTR-WPT system can be discussed similarly as in the STR-WPT system in 
which the abovementioned three circuit parameters are changed appropriately, as far as the receiving 
coil is placed at the center between the two transmitting coils. Therefore, the DTR-WPT can be 
optimized by applying the design optimization methods and the control schemes for the STR-WPT 
system to circuit A. 

Analysis of Proposed Equivalent Circuit Model 
The proposed equivalent circuit model can be analyzed comparatively easily to show how the 

DTR-WPT is beneficial compared with the conventional STR-WPT. This section presents brief 
analysis to elucidate that the DTR-WPT can improve the efficiency and the power transfer capability 
in power supply to small medical devices inside the human body. 

In this analysis, we introduce the following three assumptions: 
1. MTT and MTR are far smaller than LT and LR. Specifically, 2MTT << LT, NTMTR/NR << LT, and 

NRMTR/NT << LR. 
2. MTT is designed large enough to separate the resonance frequency of circuit A from that of 

circuit B. Therefore, the current in circuit B is far smaller than the primary current in circuit A, 
when circuit A is in the resonance. 

3. ωMTR is far smaller than NRRWT/NT, where ω is the angular frequency of the AC power supply. 
Generally, the mutual inductance is far smaller than leakage inductance in practical wireless power 

transfer systems. Therefore, assumption 1 can be expected to be satisfied in many practical designs. In 
the applications of power supply to medical devices inside the human body, the transmitting coils are 
often designed to cover the width of the human body; and these coils are placed closely to sandwich 
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Fig. 3. Equivalent circuit model of the dual transmitting resonator wireless power transfer (DTR-
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the body. Therefore, assumption 2 can be expected to be satisfied in many practical designs. In 
addition, because of the limited size of the receiving coil, ωMTR tends to be far smaller than the 
impedance of the transmitting resonators. Hence, assumption 3 can also be expected to be satisfied in 
many practical designs. 

First, we compare the efficiency between the DTR-WPT and STR-WPT systems. As can be seen 
in Fig. 3, the power can be effectively transferred to the load when circuit A is in the resonance. 
Therefore, the AC power supply is assumed to operate at such a frequency that excites resonance in 
circuit A. Then, according to assumption 2, the power loss in circuit B can be neglected compared 
with that in circuit A because the current flowing in circuit B is assumed to be far smaller than the 
primary current in circuit A. As a result, the efficiency of the DTR-WPT system can be approximated 
as the efficiency of circuit A in Fig. 3. 

As widely known, the maximum efficiency of the STR-WPT system can be determined by the 
figure-of-merit [23], defined as k2Q1Q2, where k is the magnetic coupling coefficient, and Q1 and Q2 
are the Q values of the transmitting and receiving resonators, respectively. According to assumption 1, 
the self-inductance of the primary side of circuit A, i.e. LT+2MTT+NTMTR/NR is almost the same as that 
in Fig. 4, i.e. LT+NTMTR/NR. In addition, the self-inductance of the secondary side of circuit A, i.e. 
LR+2NRMTR/NT is almost the same as that in Fig. 4, i.e. LR+NRMTR/NT. Therefore, Q1 and Q2 are almost 

the same between circuit A and Fig. 4. On the other hand, k in circuit A is 2  times as large as that in 
Fig. 4, because k is approximated as 

RTTR
LLM2  in circuit A and 

RTTR
LLM  in Fig. 4. As a result, 

circuit A can approximately double the figure-of-merit. Consequently, the DTR-WPT system can 
improve the efficiency compared with the STR-WPT system. 

Next, we compare the power transfer capability between the DTR-WPT and STR-WPT systems. 
Certainly, the DTR-WPT system may require an AC power supply with larger voltage amplitude than 
the STR-WPT system in order to achieve the same primary current in circuit A as in Fig. 4, because 
the voltage of the equivalent power supply in circuit A is 21  of the voltage of the actual AC power 
supply in the DTR-WPT system. However, this does not limit the maximum output power, if the 
voltage of the AC power supply can be designed freely. In this case, the maximum output power is 
generally limited by the maximum voltage stress in the capacitor. In other words, the maximum output 
power is limited by the maximum allowable current in the transmitting coil, which determines the 
required voltage stress of the capacitor. Therefore, in this paper, the power transfer capability is 
defined as the maximum output power under given maximum transmitting coil current. 

The transmitting coil current of the DTR-WPT system is 21  of the primary current in circuit A 

of Fig. 3, because transmitting coil current 1q  and 2q  are defined as 221 BA qqq  +=  and 

222 BA qqq  −= , respectively. (Note that Bq  is assumed to be ignorable compared with Aq  
according to assumption 2.) Therefore, the transmitting coil current in the DTR-WPT system is 
approximately 21  of that in the STR-WPT system under the condition of the same primary current 

in circuit A and Fig. 4. In other words, the primary current of circuit A is 2  times as large as that of 
Fig. 4, if the same transmitting coil current is applied to the DTR-WPT and STR-WPT systems. 

Furthermore, circuit A in Fig. 3 can transfer larger power than Fig. 4, even if compared under the 
condition of the same primary current. The reason is discussed below. As discussed above, the 
efficiency of circuit A is higher than Fig. 4. Therefore, the power loss of circuit A is smaller than that 
of Fig. 4, if compared under the same output energy. This indicates that the power loss of circuit A is 
smaller under the condition of the same secondary current, because the resistance of the output load is 
the same between circuit A and Fig. 4. Note that the parasitic resistance of the primary and secondary 
sides are also the same between circuit A and Fig. 4. Hence, the primary current in circuit A must be 
smaller than Fig. 4 under the condition of the same secondary current. In other words, circuit A can 
transfer larger output power under the condition of the same primary current. 

Consequently, the DTR-WPT system can improve the power transfer capability compared with the 
STR-WPT system. 

This improvement in the power transfer capability can be quantitatively estimated, if we consider 
assumption 3. For this purpose, circuit A and Fig. 4 are further simplified by expressing the 
transformers using ideal transformers and inductors. Figure 5 presents the result. Now, we assume that 



the same transmitting coil current flows in the DTR-WPT and STR-WPT systems; and therefore, the 
primary current of Fig. 5(a) is 2  times as large as that of Fig. 5(b) according to the above discussion. 
(In Fig. 5, the transmitting coil current is denoted as I.) Applying Thevenin’s theorem to the 
subcircuits marked by the dashed boxes in Fig. 5, we can express Fig. 5 as the simplified circuit 
models shown in Fig. 6. Because of assumptions 3, we can ignore the parallel connection of the 
impedance of the primary side. Hence, Fig. 6 can be further approximated as Fig. 7. 

Fig. 7(a) and Fig. 7(b) has the same topology with the same circuit parameters except for the 
inductance and the voltage of the AC power supply. Because difference in the inductance does not 
affect the amplitude of the current at the resonance frequency of these equivalent circuit models, the 
current is doubled in Fig. 7(a) compared with Fig. 7(b). Therefore, the output power to the load in Fig. 
7(a) is 4 times as large as that in Fig. 7(b). Note that the output power to the load in Fig. 7(a) and Fig. 
7(b) are approximations of that in the DTR-WPT and STR-WPT systems, respectively. Consequently, 
the maximum output power of the DTR-WPT system is approximately 4 times as large as that of the 
STR-WPT system, if compared under the condition of the same transmitting coil current, or the 
condition of the same voltage stress of the capacitors.  

Experiment 
Experiment was carried out to verify the proposed equivalent circuit model and the analysis 

results. For this purpose, we evaluated the efficiency and the power transfer capability of the DTR-
WPT and STR-WPT systems. The measurement results for the DTR-WPT system was compared with 
the theoretical estimation based on Fig. 3 to confirm appropriateness of the proposed model. In 
addition, consistency between the experimental results and the analysis results was investigated to 
confirm the appropriateness of the analysis results. 
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Figure 8 shows the experimental DTR-WPT system employed for the experiment. The 
experimental system is composed of two large transmitting coils and a small receiving coil. Capacitors 
of the transmitting and receiving resonators are designed to have the same resonance frequency of 
850kHz. The two transmitting coils are designed the same. One transmitting resonator is connected to 
the AC power amplifier to supply sinusoidal voltage, whereas the other transmitting resonator is short-
circuited. In addition, the receiving resonator is connected to a load resistor. As for the experiment of 
STR-WPT, we removed the short-circuited transmitting resonator. 

Specifications of the experimental DTR-WPT system is presented in Table I. Table I indicates that 
assumptions 1 and 3 employed in the analysis are satisfied in the experiment. In addition, assumption 
2 is also satisfied according to the following reason. The total impedance of the resonator of circuit B 
in Fig. 3 is estimated as 8Ω approximately at the resonance frequency of circuit A, i.e. 845kHz. On the 
other hand, the total impedance of circuit A is estimated to be smaller than 0.6Ω at this resonance 
frequency, regardless to the load resistance. Therefore, the current in circuit B is expected to be far 
smaller than the primary current in circuit A. Consequently, this experiment can test the analysis 
results of the previous section because all the three assumptions are satisfied. 

Efficiency 

First, we evaluated the efficiency of the DTR-WPT and STR-WPT systems. In this experiment, the 
load resistance RL was designed so that the experimental systems can achieve the maximum efficiency. 
The load resistance for the maximum efficiency in the experimental DTR-WPT and STR-WPT 
systems was determined by numerical calculation based on the theoretical formula [24], which 
predicts the efficiency of the STR-WPT system, applied to circuit A and Fig. 4, respectively. As a 
result, RL was set at 3.2Ω in both the DTR-WPT and STR-WPT systems. Because the experimental 
systems are composed as linear circuits, the efficiency does not depend on the amplitude of the current 
from the power supply. However, we set the voltage amplitude of the AC power supply so that the 
transmitting coil current is kept at 1Arms. (In the DTR-WPT system, we kept the current at 1Arm in 
the transmitting coil with larger current.) 
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Fig. 8. Photographs of the experimental DTR-WPT system. 

Table I: Specifications of the experimental DTR-WPT system 

Transmitting resonators Receiving resonators

Coil diameter Inner: 470mm, Outer: 590mm 10mm

Number of turns 10 Turns 89 Turns
Parasitic Resistance 0.576Ω 3.09Ω

Self-inductance 51.7μH 34.5μH
Capacitance 678pF 1.03nF

Mutual inductace between transmitting resonators: 0.701μH
Mutual inductace between transmitting and receiving resonators: 56.9nH  



The result is presented in Fig. 9. The result shows that the proposed equivalent circuit model well 
predicted the efficiency. Furthermore, the DTR-WPT system is found to show higher efficiency than 
the STR-WPT system, which is consistent with the analysis result.  

Power Transfer Capability 

Second, we evaluated the maximum output power of the DTR-WPT and STR-WPT systems under 
the maximum transmitting coil current of 1Arms. In this experiment, we measured the dependency of 
the output power on the load resistance. For each value of the load resistance, the frequency of the AC 
power supply was arranged so that the output power can be maximized under the maximum 
transmitting coil current of 1Arms. As a result, the frequency of the DTR-WPT system was set at 
845.2kHz–845.9kHz, whereas that of the STR-WPT was set at 849.0kHz–849.5kHz.  

The result is presented in Fig. 10. The result shows that the proposed model also successfully 
predicted the maximum output power. Furthermore, the DTR-WPT system showed greater maximum 
output power than the STR-WPT system, regardless to the load resistance. The maximum output 
power of the DTR-WPT system was approximately 4 times as large as that of the STR-WPT system, 
which is also consistent with the analysis result.  

Consequently, this experiment supported appropriateness of the proposed equivalent circuit model 
as well as the analysis results. 

Conclusion 
The DTR-WPT system is expected to improve the efficiency and the power transfer capability in 

wireless power transfer to small medical devices inside the human body. However, the complex 
operating principle with multiple resonance modes can hinder analytical understanding of the 
operation of the system. In order to promote development of design optimization methods and control 
schemes of the DTR-WPT system, this paper proposed a novel simple equivalent circuit model of the 
system. As a result, power transfer in the DTR-WPT system is found to be expressed by the same 
equivalent circuit model as the conventional STR-WPT system. Therefore, similar design optimization 
methods and similar control schemes as for the STR-WPT system is also applicable to the DTR-WPT 
system. The proposed equivalent circuit model also revealed merits of the DTR-WPT system in 
improving the efficiency and the power transfer capability, supporting the usefulness of the DTR-WPT 
system in applications of small medical devices. 
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Fig. 9. Experimental results of the efficiency of the DTR-WPT and STR-WPT systems. 
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Fig. 10. Experimental results of the maximum output power of the DTR-WPT and STR-WPT systems.
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