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Abstract- Series-Series (SS) and Series-Parallel (SP) topologies are
widely utilized in practical resonant inductive coupling wireless
power transfer (RIC-WPT) systems owing to their simple circuit
configurations. Conventionally, design optimization of the circuit
parameters of these topologies were investigated separately,
because these topologies are expressed by different equivalent
circuits. However, analysis of these equivalent circuits is generally
complicated due to the multiple resonant modes contained in the
operation, which may cause difficulty in comparing the
performance between the SS and SP topologies after design
optimization of these topologies. This difficulty may prevent
elucidating the methodology to select an appropriate topology
that offers better output power or efficiency after design
optimization. The purpose of this paper is to suggest a selection
methodology of the SS and SP topologies by elucidating a novel
insight that these topologies have the quasi-duality relation, in
which the SP topology works approximately as the dual of the SS
topology. This insight enables to share the analysis results
between the topologies. As a result, both of these topologies were
found to be expressed by a same novel equivalent circuit.
Furthermore, the only difference between the SS and SP
topologies were found to be the equivalent load resistance of this
equivalent circuit, thus reducing the topology selection into
selection of preferable load resistance. The appropriateness of the
quasi-duality relation and the resultant equivalent circuit was
successfully confirmed by the simulation and the experiment.

I. INTRODUCTION

The resonant inductive coupling wireless power transfer
(RIC-WPT) [1]-[11] has been attracting public attention as a
high efficiency wireless power transfer technique for various
applications such as electric vehicles [1]-[4], mobile devices,
implanted biomedical devices [5], etc. Many wireless power
transfer techniques utilize the magnetic induction between the
magnetically coupled transmitting and receiving coils.
However, the reactive impedance caused by the leakage
inductance of these coils tends to restrict the current flow,
preventing effective power transfer to the receiving coil. In the
RIC-WPT system, this problem is addressed by adding a
capacitor to each of the transmitting and receiving coils to
cancel the reactive impedance [1]-[11]. Hence, the RIC-WPT
is composed as the magnetically coupled transmitting and
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Fig. 1. Physical structure of RIC-WPT system.

receiving resonators, as shown in Fig. 1, where W1 and W2 are
the transmitting and receiving coils.

In spite of this attractive feature, analysis of this technique
is generally complicated because the operation contains
multiple resonance modes. The RIC-WPT systems can be
mainly classified into two topologies known as Series-Series
(SS) and Series-Parallel (SP) topologies [1]-[5], [7]-[11],
depending on the connection of the capacitor for the receiving
side. However, these topologies have been analyzed and
designed based on different equivalent circuits. Therefore, the
complicated operating principle with multiple resonant modes
prevents straightforward comparison of the circuit behavior
between these topologies after design optimization of the
circuit parameters, such as the leakage inductance of the coils,
the capacitance of the resonant capacitors, and the load
resistance. Consequently, selecting an appropriate topology
according to the required specifications is generally difficult.

A key to solving this issue may lie in the duality [12]-[15]
between these two topologies. The duality is often utilized in
power electronics research for derivation of novel circuits [13]
and analysis for the circuit behavior [14] [15]. The circuits
under the duality relation is known to show the same circuit
behavior except that the current and the voltage of the circuit
elements are interchanged. This indicates that the performance
of these circuits can be represented by the same equivalent
circuit. Therefore, if there is a duality relation between the SS
and SP topologies, the same analysis result of a single
equivalent circuit can be shared between these two topologies.
This may result in straightforward comparison of the output
power and the efficiency after design optimization, probably
leading to a selection method of the appropriate topology.
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As for the electric coupling wireless power transfer system,
the SP and SS topologies have the quasi-duality relation and
share the same equivalent circuit [14]. According to this
equivalent circuit, the SP topology works as the dual of the SS
topology in which the load resistance R is replaced by Z%/R,
where Z is the characteristic impedance of the transmitting and
receiving resonators. (In [14], the same Z is assumed for these
resonators.) This knowledge is promising because selecting a
topology reduces in finding out which one of R and Z%R is
preferable in the equivalent circuit.

Therefore, it is natural to suppose that the similar relation
may also exist in the RIC-WPT. In fact, a previous study [10]
suggested the possibility of the duality relation between the SS
and the SP topologies of the RIC-WPT systems. This previous
study pointed out that the frequency characteristics of the
voltage gain and the current gain seem to be interchanged
between the SS and SP topologies. However, discussion of the
previous study has been limited to pointing out the analogy
between these two topologies. If this duality relation is
theoretically proven, the performance of the SS and SP
topologies can be analyzed according to the same equivalent
circuit and the analysis result may be easily compared each
other. Hence the duality between these two topologies may
offer a simple strategy for selecting an appropriate topology.

The purpose of this paper is to elucidate the duality relation
of the RIC-WPT systems. Similarly, as in [14], the duality is
investigated by comparing the equivalent circuits of the SS and
SP topologies derived using the Lagrangian dynamics.
Lagrangian dynamics [16] [17] was employed because this
dynamics has recently been proven to be effective for deriving
various equivalent circuits that cannot be derived using the
conventional circuit theory. Then, based on this duality
relation, this paper further derives a novel equivalent circuit
can represent both of the SS and SP topologies. As a result, this
paper elucidates that the efficiency and the output power of the
SP topology can be approximated as those of the SS topology
in which only the load resistance was changed.

The following discussion consists of five sections. Section
IT and Section III derive the Lagrangian equivalent circuit for
the SS and SP topologies, respectively. Based on these
Lagrangian equivalent circuits, section IV derives and analyses
the novel equivalent circuit that represents both of the SS and
SP topologies. Section V presents simulation and experiment
to verify the analysis results of the equivalent circuit. Finally,
section VI presents the conclusions.

II. EQUIVALENT CIRCUIT OF SS TOPOLOGY

This section derives the equivalent circuit of the SS topology
shown in Fig. 2 using Lagrangian dynamics. Symbol E is the
voltage of the power supply; R is the resistance of the power
load; N; and N, are the number of turns of W1 and W2,
respectively; 1 and r, are the parasitic resistance of W1 and
W2, respectively; Pi, P>, and Py are the permeance of the
magnetic path for the flux ¢, ¢, and @y, respectively; C; and
C, are the capacitance.
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Fig. 2. Circuit model of SS topology.

The leakage inductance of W1 and W2 (Ljear1 and Liear2), the
mutual inductance between W1 and W2 (M), the self-
inductance of W1 and W2 (L; and L), and coupling coefficient
k are defined as

Flux @,, (Permeance: P,,)

2 2
Lyyw=N'R, L,u=N,P, M=NN,b,,

1
Li=L,, +£M7 Ly =L, +£M, k= M . W
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We assume that the resonance frequency is the same in the
transmitting and receiving resonators as is natural for common
design of the RIC-WPT systems. Assuming weak magnetic
coupling between the transmitting and receiving coils, we
impose Liear1 C1=Lieai2 C2 because the self-inductance of W1 and
W2 are approximately equal to the leakage inductance of W1
and W2 under small coupling coefficient k.

The Lagrangian derivation process of the equivalent circuit
can be divided into the following three steps. First, the
Lagrangian model of the circuit model is configured. The
Lagrangian model consists of the Lagrangian and the
dissipation function. Second, the Lagrangian model is applied
with a coordinate transformation to obtain another Lagrangian
model belonging to a different circuit topology. The coordinate
transformation is known to conserve the circuit behavior
represented by the Lagrangian model. Hence, this step yields a
Lagrangian model of an equivalent circuit. Third, the resultant
Lagrangian model is translated into a circuit diagram, yielding
a Lagrangian equivalent circuit.

Now, we construct the Lagrangian model based on the
circuit model of the SS topology. According to the method
described in [16], Fig. 2 can be translated into the Lagrangian
Ass and the dissipation function Dss as

Ags :N191(¢1 +¢M)+quz(¢2 _¢M)_¢12/2Pl
_¢22/2P2 _¢M2/2PM _q12/2C1 —q22/2C2 +Eq,,
Dy :R‘?22/2+”1‘?12/2+”2‘?22/29 3)

where ¢; and ¢ are the time integration of the current; and a
dot over a variable indicates its time derivative.

Next, a coordinate transformation is applied to (2) and (3),
as exemplified in [ 14] [17]. For this purpose, we introduce new
variables g4, gs, ¢4, and @z defined as

q,= a(N,Cgy +N,Cg) L= BNg —N,g)

2N, 2N, (4)
¢, =R@+8)/(R+B), ¢ =(Bg-Rs)/(R+P),
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Fig. 3. Lagrangian equivalent circuit of SS topology.
where the dimensionless quantity o and £ are defined as

_2NG
NC, +N,’C,’

_2N,’C,
NC, +N,’C,

)

Substituting (4) into (2) and (3) yields

Ngs =2N, (G0 +Gu0s + G500 )/ B—q.” [ oC,

~4,"/BC,—9,’|BR =0, |BP, =0, 2P, (6)
+EQAN2/N1 +ECIBN1C1/N2C2~

Dy :R(‘?A _43)2/2+C1”1/C2 (‘?A/a"'q,s/ﬁ)

S ™
+ (C2r2 -Cn )(QA _‘]B) /2C2 .

For derivation of (6) and (7), we utilized the approximation
that Lieak1 C1=Liear2Ca. By translating (6) and (7) into a circuit
model, the equivalent circuit for the SS topology is obtained as
shown in Fig. 3.

Note that the output power as well as the total input power
supplied from the AC voltage source is the same between Fig.
2 and Fig. 3 because the coordinate transformation in the
Lagrangian model conserves the energy [16]. Hence, the
efficiency is also conserved in the equivalent circuit.

III. EQUIVALENT CIRCUIT OF SP TOPOLOGY

Next, this section derives the equivalent circuit of the SP
topology shown Fig. 4. In the SP topology, the capacitor is
connected in parallel to the receiving coil. Similarly, as in the
previous section, the Lagrangian Asp and the dissipation
function Dgsp of Fig. 4 can be constructed as

ASP :N141(¢1 +¢M)+N2(‘?2 +‘?R)(¢2 _¢M)_¢12/2Pl

_¢22/2P2 _¢M2/2PM _‘]12/2C1 _%Z/zcz +£Eq,,
DSP=Rq‘R2/2+rlq.12/2+r2(q.2+qR)2/2' )

Then, we introduce new variables qa, g», gc, @s, and @
defined as

g, = N,Cyq, + N,Cq, _ Ngy = Nyq,
‘ 2N,C, ’ 2N,
(10)
g = _2P(g+¢) ¢:2(P2¢>1—P1¢2)_
© 27 R+p 7" R+PR

Substituting (10) into (8) and (9) yields
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Fig. 4. Circuit model of SP topology.
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Fig. 5. Lagrangian equivalent circuit of SP topology.
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Fig. 6. Dual circuit of Fig. 5.
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Similarly, as in the previous section, by translating (11) and
(12), we can obtain the equivalent circuit, shown in Fig. 5. The
power as well as the efficiency is conserved in the equivalent
circuit, similarly as in section II.

IV. ANALYSIS OF EQUIVALENT CIRCUITS

As shown above, Fig. 5 has far different network from Fig.
3. However, these two Lagrangian equivalent circuits have the
quasi-duality relation. This subsection elucidates this relation
by analyzing the Lagrangian equivalent circuits.

First, we apply the duality transformation to the Lagrangian
equivalent circuit of the SP topology, i.e. Fig. 5. As a result,
we obtain the dual of Fig. 5, as shown in Fig. 6.

Second, we further apply the A-Y transformation to the sub-
circuit marked by the dashed line in Fig. 6. Furthermore, after
applying the A-Y transformation, we introduce the following
practically acceptable two approximations in addition to the
already introduced approximation of Lieak1 Ci1=Licair Co.

1. The frequency region to be discussed is assumed to be
in the vicinity of the resonance frequency of the
transmitting and receiving resonators. Hence,
@=1/L1C1=1/L,Cs.



2. The quality factor of the transmitting and receiving
resonators are far greater than 1. Hence, @lieqr1/r1>>1
and @l jeain/r>>>1.

By applying the A-Y transformation as well as the
aforementioned approximation, we obtain Fig. 7.

Third, we further apply Thevenin’s theorem to the sub-
circuit marked by the dashed line in Fig. 7, to obtain Fig. 8. :
This transformation conserves the output power. However, the 2045 2C\ Ly |Gy +4N,M [ N,

input power is not strictly conserved because the input power Fig. 7. Equivalent circuit applying A-Y transformation to Fig. 6.
in Fig. 8 does not entirely contains the power consumed at the

resistance 1/20r, in Fig. 7. However, according to the G 1(c G1(q ¢,
assumption of large quality factor, we can approximate that the L, 2a\ C, nn L, 2/}[ rz] 2BL1a1 —- 'c, vam X2 N1

current across the resistor 1/2ou is sufficiently small and the

input energy in Fig. 8 is almost the same as that in Fig. 7.

Consequently, the input and the output energy can be > 12/

approximated to be the same between Fig. 7 and Fig. 8. L ’
Fourth, we apply an impedance transformation to Fig 8. = 1/4R /

Specifically, we multiply the voltage and current in the circuit, C oE
. . . . _ _ 1
l;)y 27 and 1/2Z, respectlvelly,.where Z is the characteristic N, Jollpnt2n 4L, [Vz c, n] jol2ed,, Ny/N, +4M)
impedance of the receiving resonator defined as Fie. 8. Eauivalent cireuit anolving Thevenin’s th 0 Fie. 7
. . 1g. o. 1valent circuit aj 1n cvenin s theorem to rig. /.
Z°=Ly/Co=Lieara/ Ca. (La is the self-inductance of W2.) As a & & Bauv witapplymg Hhev &

result, Flg.. 8 is transformed into Fig. 9.. Because this 2( ¢ 2 (¢, Bl G M N,
transformation also conserves the energy, the input and output ol 2l B ot Y Zae) T N,
power is the same between Fig. 8 and Fig. 9. SRS N S :

Fifth, by applying the approximation introduced above, we
transform the sub-circuit marked by the dashed lines in Fig. 9.

_________________

The amplitude of the voltage sources marked by the red (i) and { \222/m2 (iii)
blue (ii) dashed lines can be respectively approximated as s
N, ZE N, [L E N 22, G, oZE
_VZT =—Vz FZT Ny jalg+r, 7 JO\Li N/ Ny +2M)
1 Oeair T ! 2 J Oreaiz T7 (13) Fig. 9. Result of the impedance transformation of Fig. 8.
~ _& LleukZ ' E z‘]'&E,
NN G oy, N Substituting (16) into (15) yields
oZE N L, E
joled, N, /N, +2M) N, \ C, jaL,,, 14) 2, =2/ a)rC,/C, +1] joC, + oL ). 7)
~ NoL, Q(_ E) ~— NG E. Similarly, the impedance marked by the purple (iv) dashed
N VGV L N, G lines Z, can be represented as
In addition, the impedance marked by the green (iii) dashed 2L, 2(C
: Z. =jo—+— —r
lines Z; can be represented as r B Bl\cC 17"
B ,B (18)
L C, MN
or, oL 2(C . 2L 1 "2 feakl =1 o 7 Y2
Z =l/| =2+ jo—"“2 |+ =| Ly - |+ jo—=. 15 +/{ 2t 2 2 J}
! /(222 Y j a(Cz 1 2] jo= s (19 27 27° C, 7 N,

The first and third terms in the right-hand side of (18) can be

The first term in the right-hand side of (15) can be ; .
respectively approximated as

approximated as

(19)

ar, N ~a)aLleak2 ~ 2Z% 1, - jaol, jzwLZ/ﬂ=jzleeakZ/ﬂ+j2w(N22/Nl)M/ﬂ
277 / 277 o r22+a)2L22 z].2(0141&11(2/,5"']4(”(]\[2/]\[1)A/I/,B >

(16)
22> 277 1 2( 1 J
= + P+ .

o o'l o ja)LZNE jaoC,
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Fig. 10. Approximated equivalent dual circuit based on Fig. 9.

1 ﬁr22+j ﬁLze«zzA»1Q+£2&
27 2Z° C, Z° N,

z/ ﬂz{rz‘Fj“{Lzﬂ—z]\sz]}zZZZ;. (20)
2Z B N, B rn+jol,

~ 222/ Bl 0L, - jjaLy)= 2/ By +1] jaoC, ).

Substituting (19) and (20) into (18) yields

s B AN )26 2L
B BN, B G, B jac,

Approximating the AC voltage by (13) and (14) and
expressing the impedance (17) and (21) as series-connected
resistor, capacitor, and inductor, we can approximate Fig. 9 as
Fig. 10. Throughout the derivation process of Fig. 10, the input
and the output power (and therefore, the efficiency) is almost
conserved. Hence, Fig. 10 works approximately an equivalent
dual circuit of the SP topology.

As can be seen in Fig. 3 and Fig. 10, these circuits have the
same topology. Furthermore, the circuit parameters are also the
same except for the load resistance. Therefore, the SP topology
approximately works as the dual of the SS topology in which
the load resistance R is replaced by Z*R, similarly as in the
electric coupling wireless power transfer system. We term this
relation as the quasi-duality because some approximations
were used to prove the duality.

This insight may be effective for selecting an appropriate
topology from the SS and SP topologies. According to this
quasi-duality, the only difference between the SS and SP
topologies is the load resistance from the viewpoint of the
efficiency and the output power. Hence, we can select the
topology by finding out which one of R and Z%/R is preferable,
i.e. leads to higher efficiency or larger output power, for the
load resistance of the SS topology. (Note that Fig. 3 is the
equivalent circuit of the SS topology.)

As widely known, the SS topology has an appropriate load
resistance value that maximizes the efficiency or the output
power. Hence, preferable load resistance may be chosen which
one of R and Z%/R is closer to this appropriate load resistance.

V. SIMULATION AND EXPERIMENTAL RESULTS

This section evaluates the quasi-duality by the simulation
and the experiment. As for the simulation, we calculated the
behavior of the circuit models shown in Fig. 2 and Fig. 4 using
the circuit simulator LTspice XII. Circuit parameters for these
models are the same except for the load resistance. We set the

DC power supply Transmitting and
and Inverter Receiving Resonators Rectifier and Load
1 A
1 --Sl D, | 1_5
Ve Ci| AVINE
: A
5, | 7 i , Dy
------------------------ Flgll Cireuit diagram of SS topology.
DC power supply Transmitting and
and Inverter Receiving Resonators  Rectifier and Load

-

—

Fig. 12. Circuit diagram of SP topology.

TABLE I

CIRCUIT PARAMETERS OF SS AND SP TOPOLOGIES
Input DC voltage Ve 35V
Self-inductance of primary side L 141.27 pH
Parasitic resistance of primary side r 0.156 Q
Capacitance of primary side Ci 16.14 nF
Self-inductance of secondary side L, 55.60 uH
Parasitic resistance of secondary side 12 0.080 Q
Capacitance of secondary side G, 40.80 nF
Mutual inductance M 5.3 uH

load resistance Rsp for Fig. 4, i.e. the SP topology, at Z%/Rss,
where Ry is the load resistance of Fig. 2, the SS topology. Then,
we compared the simulated frequency dependence of the input
and output power between Fig. 2 and Fig. 4.

On the other hand, we experimentally evaluated the input
and output power using the prototypes of the SS and SP
topologies. The circuit diagram of these prototypes are shown
in Fig. 11 and Fig. 12. These prototypes are also designed to
have the same circuit parameters except for the load resistance,
which was set to have the relation of Rsp=Z/Rss. Then, we also
compared the measured frequency dependence of the input and
output power between these topologies.

The circuit parameters of the experimental prototypes are
shown in Table I. The same parameters are utilized for the
simulation. Certainly, the prototypes have the square-wave
voltage source generated by the full-bridge inverter, whereas
the simulation assumes the sinusoidal AC voltage source.
However, the amplitude of the AC voltage source in the
simulation models was set at the amplitude of the fundamental
wave [8] extracted from the square-wave voltage source of the
prototypes. Furthermore, the load resistance of the simulation
was set at the equivalent AC resistance [18] of the load R, ss
and R;,_sp including the rectifier.

Fig. 13 and Fig. 14 show the simulation and experimental
results of the input and output power, respectively. The solid
lines indicate the simulation results, whereas the makers
indicate the experimental results. As can be seen from Fig. 13
and Fig. 14, both the simulation and the experiment revealed
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Fig. 13. Simulation and experimental results of input power.
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Fig. 14. Simulation and experimental results of output power.

that the SS and SP topologies have almost the same frequency
dependence of the input and output power. This indicates
appropriateness of the quasi-duality between the SS and SP
topologies under the condition of Rsp=Z%/Rss.

VI. CONCLUSION

This paper investigated the quasi-duality between the SS and
SP topologies of the RIC-WPT system. As a result, the SP
topology was found to operate approximately as the dual of the
SS topology with the transformed load resistance. This quasi-
duality was verified by the simulation and the experiment. This
insight implies that an appropriate topology can be selected for
practical applications by finding out which of the original load
resistance or the transformed load resistance is preferable for
the SS topology.
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